Demonstration of non-Abelian anyon statistics often requires dynamical controls of a complicated device that are challenging in realistic situations. We propose a single Josephson junction to detect a non-Abelian statistics effect of Majorana fermions, formed by two finite-size s-wave superconductors on a topological insulator under a magnetic field. At certain field strengths, a train of three localized Majorana fermions appears along the junction, while an extended chiral Majorana fermion encircles the train and the superconductors. A DC voltage bias across the junction causes the train to move and collide with the extended Majorana fermion. This involves interchange of fusion partners among the four Majorana fermions, leading to non-Abelian state evolution. The evolution gives rise to a 2nπ fractional AC Josephson effect with an arbitrary integer n ≥ 2 tunable by the voltage.
When non-Abelian anyons adiabatically exchange their positions and fuse, the system can evolve from one state to another [1] [2] [3] [4] . The non-Abelian statistics is a key of topological quantum computing where one operates qubits in a nonlocal way immune to local decoherence.
There are efforts to realize non-Abelian anyons. For example, Majorana fermions emerge in effective p-wave superconductors (SCs) [5] [6] [7] [8] [9] [10] . Their existence is supported by observation of zero-bias conductance peaks [11] [12] [13] [14] [15] [16] [17] and fractional AC Josephson effects [18, 19] . Their nonAbelian statistics, though, has not yet been detected. Related proposals utilize Josephson tri-junctions on a topological insulator [7] or nanowire junctions [20] [21] [22] [23] . These require dynamical control of a number of electrical gates or SC phase differences in multiple junctions, and need additional setups to detect the non-Abelian statistics.
Fractional Josephson effects are hallmarks of topological SCs. A Majorana zero mode (MZM) allows singleelectron transfer across a Josephson junction, resulting in 4π periodic current as a function of the SC phase difference of the junction [24] [25] [26] . Fractional Josephson effects of a longer period can occur when electron-electron interactions or parafermions play a role [27] [28] [29] [30] [31] [32] . The present work predicts a new fractional Josephson effect that originates from the non-Abelian statistics.
In this work, we propose a single Josephson junction for demonstration of the non-Abelian statistics. It hosts four Majorana fermions γ k=1,2,3,4 's with the help [33] of an external magnetic field (Fig. 1) . Voltage bias V DC across the junction makes γ k 's move and collide each other. This involves interchange of fusion partners among γ k 's, and causes non-Abelian state evolution, such as |00 → e iφ+ |00 − ie iφ− |11 / √ 2, in one conventional Josephson time period T J = h/(2eV DC ), where |00 and |11 are fermion occupation states formed by γ k 's and φ ± 's are V DC -dependent dynamical phases. The evolution returns to the initial state after time nT J , resulting in a 2nπ fractional (nT J -periodic) AC Josephson effect with an integer n ≥ 2 tunable by V DC .
Setup.- Figure 1 (a) shows two topological SCs induced by s-wave SCs on a topological insulator surface [34] . A perpendicular magnetic field B (or a Zeeman field M by magnetic insulator deposition) is applied to the surface outside the SCs, breaking the time reversal symmetry and opening an energy gap at the Fermi energy. Then an extended chiral Majorana mode u (l), whose operator is η u(l) (x) = η † the edge x ∈ [−l, W ] of the upper (lower) topological SC [7, [35] [36] [37] [38] [39] . Since the mode gains Berry phase π after one circulation along the edge, we place a branch cut [33, 36, 40 ] at x = −l/2. When each SC has no vortex, η u(l) (−l/2 + 0 + ) = −η u(l) (−l/2 − 0 + ) with positive infinitesimal 0 + , and η u(l) (−l) = η u(l) (W ). The two SCs form a short Josephson junction of length L and width W . The number of magnetic flux quanta inside the junction is N = BLW/Φ 0 , Φ 0 = h/(2e), e is the electron charge. The junction Hamiltonian [7, 40] is
. σ x,y,z are Pauli matrices and Γ(x) ≡ (η u (x), η l (x)). Inside the junction x ∈ [0, W ], the modes η u and η l counterpropagate with velocity v(x) = v J and couple each other with strength m(x, t) = ∆ 0 sin N πx W − eVDCt . ∆ 0 is the gap of the topological SCs. m(x, t) depends on time t and position x, since the voltage V DC and the magnetic field B affect the SC phase difference of the junction. Along the arcs x ∈ [−l, 0] of the SCs, η u,l 's propagate with velocity v(x) = v arc and m(x, t) = 0. The upper and lower arcs have the same length l for simplicity; our results are qualitatively unchanged when their lengths are different.
Majorana train.-As the Hamiltonian is particle-hole symmetric, its single-particle levels E q are found as H(t) = i q=1,2,··· E q (t)γ 2q (t)γ 2q−1 (t). We write Majo-
is the wave function of γ j . We focus on the Majorana fermions, denoted by γ k 's with another index k, that become MZMs at certain moments.
Along the junction, a train of localized Majorana fermions γ k (t) appears at positions
at which the SC phase difference is an integer multiple of π and m(x, t) has sign change [33] . The train moves due to V DC , with periodic position shift
and localization length λ = v J W /(N π∆ 0 ), when it is well separated (λ W/N, x k , W −x k ) from its neighbors γ k±1 and the SC arcs [40] .
Along the arcs, extended chiral Majorana fermions occur. We find [40] their energy E quantization condition,
The first and second terms are the dynamical phase and Berry phase, respectively, gained in one circulation along the upper and lower arcs of total length 2l. M u (M l ) is the number of MZMs in vortices inside the upper (lower) SC. arg r 0 (arg r W ) is the phase shift by scattering of η u into η l at x = 0 (η l into η u at W ). We find r 0 (t) = sgn[m(0
Mu+M l +1 , whose lefthand side equals 1 (−1) when the number of sign changes of m(x, t) in the junction is even (odd). This and Eq. (1) imply that an extended chiral MZM appears along the arcs, when the total number of localized MZMs in the junction and the vortices is odd. The appearance is insensitive to the details of m(x, t) and the arcs. This MZM was not considered in previous works [33] .
Fusion-partner interchange.-When two Majorana fermions γ k (t) and γ k (t) fuse, they form fermion occupation states |0 kk t , |1 kk t = f † kk (t)|0 kk t , where f kk (t) = (γ k (t) + iγ k (t)) /2. We consider the N = 3 case, where four mobile Majorana fermions γ k 's (i.e., two fusion pairs) appear in the junction. Some γ k 's collide each other, causing the interchange of fusion partners.
For N = 3, λ W/N , and M u = M l = 0, we compute the wave function ϕ k (x, t) of γ k (t) [ Fig. 1 ] and singleparticle levels of H(t) [ Fig. 2] , numerically solving H(t) with the parameters discussed later. Low-energy levels are explained by fusion of γ k 's.
At t = 0, Majorana fermions γ k=1,2,3,4 's appear at x = (k − 1)W/3 along the junction [see Eq. (1)]. γ 1 and γ 4 are localized in the junction but extend along the arcs, while γ 2 and γ 3 are localized MZMs since λ W/N . In t ∈ [0, T J /2], γ 1,2,3 's moves along the junction. γ 4 further moves to the arcs. γ 4 (t) and γ 1 (t) overlap, fusing into states |0 41 t and |1 41 t of energies ∓E 41 (t). As they become split, their overlap and E 41 (t) decrease with time. γ 2 (t) and γ 3 (t) are MZMs, and their fusion states of zero energy E 32 = 0 are |0 32 t and |1 32 t . The low-energy part of H(t) is reduced into the Hamiltonian of γ k 's,
At t = T J /2, γ 1,2,3,4 (t)'s become spatially well separate MZMs and H MF = 0. γ 4 (T J /2) is the extended chiral MZM along the arcs, obeying Eq. (2) at E = 0.
In t ∈ [T J /2, T J ], γ 3 (t) approaches the arcs and fuses 
Non-Abelian state evolution.-In the adiabatic regime of eV DC π∆ 0 , the low-energy states formed by γ 1,2,3,4 's do not mix with the other midgap levels. The fusionpartner interchange then results in non-Abelian state evolution. To illustrate this, we study the time evolution of the even-parity ground state |ψ(t = 0) = |0 41 0 32 · · · 0 of H(t = 0) [41]. Hereafter we drop the part | · · · 0 for the other midgap levels, since its evolution is trivial; this is included in our numerical computation shown later.
In t ∈ [0, T J /2], the state follows |ψ(t) ∝ |0 41 0 32 t , as f 41 and f 32 diagonalize the Hamiltonian H(t). At T J /2, it evolves as |ψ(T J /2) = e iφ |0 41 0 32 TJ/2 with
dt E 43 (t )) by the fusion of γ 3 (t) and γ 4 (t).
We compare |ψ(t = 0) and |ψ(T J ) . In Fig. 1 , we find
where −1 occurs since γ 4 passes the branch cut; this accords with the phase that a Majorana vortex state gains while it exchanges positions with three other vortices with passing their branch cuts. Hence
, |0 43 0 21 TJ = |0 41 0 32 0 , and |1 43 1 21 TJ = −i|1 41 1 32 0 . Using these, we write |ψ(T J ) in terms of states at t = 0, and find non-Abelian evolution |ψ(0) → |ψ(T J ) after one Hamiltonian period T J ,
We obtain the evolution of general initial states,
] by the splitting of γ 4 (t) and γ 1 (t); |0 41 0 32 0 and |0 41 1 32 0 gain φ, and their particle-hole symmetry partners |1 41 0 32 0 and |1 41 1 32 0 gain −φ. U φ describes dynamical phase gain in [T J /2, T J ] by the fusion of γ 4 (t) and γ 3 (t). U B describes the evolution of the Majorana fermions,
which agrees Eq. (3). It is written as
√ 2 of γ a and γ b . This coincides with the Ivanov's construction [42] obtained from the world lines in Fig. 2(b) . The non-Abelian evolution U = U φ U 21 U 32 U 43 U φ is decomposed as the fusion effect U φ of γ 4 (t) and γ 1 (t), the braiding U B , and the fusion U φ of γ 4 (t) and γ 3 (t).
Qubits.-An even-parity qubit |ψ = α|⇑ + β|⇓ is formed by states |⇑ ≡ |0 41 0 32 0 , |⇓ ≡ |1 41 1 32 0 of the Majorana fermions γ 1,2,3,4 . Its evolution U e |ψ is described by the rotation on the Bloch sphere about axisr = (− sin φ − sin θ, cos φ − sin θ, cos θ) by angle Ω = 2 arccos
in one period T J , following Eq. (5), where θ = arctan 1 cos φ+ . The qubit turns back to its initial state, up to a phase factor, after nT J . n is an integer satisfying U n e ∝ I (the rotation angle nΩ equals a multiple of 2π). As Ω ∈ [ , the total Josephson current I J = I MF + I mid including the current I mid by the other midgap levels. E MF and I MF are periodic with the qubit period nT J , as they change by the fusions of γ k 's. The total current I J is nT J periodic, showing a 2nπ fractional AC Josephson effect, while I mid has the conventional period T J .
We consider an example of φ + = π in Fig. 3(a) . An initial state |ψ(t = 0) = |0 41 0 32 0 becomes |ψ(T J /2) ∝ |0 41 0 32 TJ/2 , as discussed above. In t ∈ [0, T J /2], γ 4 (t) and γ 1 (t) fuse into the state |0 41 t of energy −E 41 (t) < 0. The fusion becomes weaker, the qubit energy E MF = −E 41 (t) increases with time, hence
, γ 4 (t) and γ 3 (t) fuse to |0 43 t and |1 43 t of nonzero energy ±E 43 (t), and the qubit state evolves to an equal-probability superposition of |0 43 0 21 t and |1 43 1 21 t . The resulting qubit energy E MF = 0 is time independent, hence I MF = 0; the contributions of the particle-hole symmetry partners |0 43 0 21 t and |1 43 1 21 t to E MF cancel each other. In t ∈ [3T J /2, 2T J ], γ 2 (t) and γ 3 (t) fuse to |0 32 t of nonzero Fig. 3 are understood in a similar way. When I MF (equivalently the decomposition of the total current I J into components of period ≥ 2T J ) changes in time, the qubit gains or losses energy by fusion or splitting of the Majorana fermions γ k 's. In the time domains where I MF is constant, the qubit is in an equalprobability superposition of the particle-hole symmetry partners |0 41 0 32 0 and |1 41 1 32 0 . I MF carries information about the non-Abelian evolution of the qubit.
For any even-and odd-parity qubit states, the current I J (t) shows a 2nπ Josephson effect of period nT J or fractional Josephson frequency 2eV DC /(nh), although the Hamiltonian H(t) is T J periodic. This is a nonAbelian statistics effect. n is tuned by V DC , contrary to the known fractional Josephson effects [27] [28] [29] [30] [31] [32] .
Discussion.-We suggest experimental parameters. To protect the Majorana fermions, we need larger ∆ 0 . NbN SCs, for example, have the SC gap of 3 meV [44] , which can proximity-induce ∆ 0 ∼ 1 meV and the SC coherence length ξ = v F /∆ 0 ∼ 260 nm (Fermi velocity v F ∼ 4.0 × 10 5 m/s [45] ). In this case, a short junction (L < ξ), negligible overlap between localized Majorana fermions (λ W/N ), and three flux quanta in the junction (N = 3) can be achieved with L ∼ 60 nm, W ∼ 800 nm, B ∼ 130 mT. The Majorana fermions γ k 's form "nonlocal" fermion states spatially separated by a distance (∼ W ) larger than ξ. This suppresses qubit flip, e.g. between |0 41 0 32 0 and |1 41 1 32 0 , by a Cooper pair transfer between the qubit and the SCs.
One needs /E 0 T J min{τ qp , /thermal energy} to adiabatically move the Majorana fermions γ k 's, avoid thermal effects, and suppress quasiparticle poisoning of time scale τ qp . We estimate /E 0 ∼ 0.004 ns, based on the minimum excitation energy E 0 ∼ π v arc /(2l + 2 √ πλv arc /v J ) of the setup, 2l ∼ 2.5 µm, v arc ∼ v F , and
. We find /thermal energy ∼ 0.16 ns at temperature 50 mK, and the poisoning time is typically τ qp = 0.1 ∼ 1 µs [46] . A range of T J = 0.03 ∼ 0.08 ns satisfies the above condition. This corresponds to V DC = 25 ∼ 74 µV and φ + = π/2 ∼ 3π/2, so that the 2nπ fractional AC Josephson effect can be observed by sweeping V DC . With the above parameters, the maximum Josephson current is estimated as I c ∼ 90 nA.
Our findings are insensitive to continuous deformation of the setup, different arc-lengths of the SCs, arc shape, and small deviation δN < λN 2 /W ∼ 0.3 from N = 3 (corresponding to magnetic field control 130 ± 30 mT).
When vortices exist in the SCs (M a=u,l = 0), the branch cuts emanating from the vortices modify the boundary condition of η a (x) to η a (W ) = (−1)
Ma η a (−l). This can change the fractional AC Josephson effect. When M u and M l are even, the 2nπ fractional AC Josephson effect with n ≥ 2 occurs the same as M u = M l = 0. When M u and M l are odd, a 4n π fractional AC Josephson effect with an integer n ≥ 1 occurs. When M u + M l is odd, a 2nπ fractional AC Josephson effect occurs not in the N = 3 case but in a weaker magnetic field of N = 2. The details are discussed in Ref. [40] .
In summary, we have shown that an effect of the nonAbelian anyon statistics of Majorana fermions occurs in a single Josephson junction, a setup much simpler than the existing proposals. The effect results in a new type of fractional AC Josephson effects, providing a signature of the non-Abelian statistics.
Our proposal can be realized with various twodimensional effective p-wave SCs [47] [48] [49] [50] [51] [52] [53] . It can be generalized to multiful qubits in a Josephson junction with larger N (≥ 5) and gate operations [54] .
We Fig. 3(b) ], the initial qubit state |041032 0 evolves with period 3TJ as |041032 0 Fig. 3(c) ], the qubit evolves with period 4TJ as |041032 0
where
is the magnetic length, and θ is an angle defined in Fig. S1 . The coefficients A a = s aμ Hμ2 /2−1 (0) and B a = Hμ2 /2 (0) are determined by matching wave functions at Y a = 0 along the arc of the SC. Inside the junction, the wave functions of the chiral modes can be written as η a (x) = Ψ † (x, y)Φ a (x, y)dy at a point x in the junction,
Notice that the wave function satisfies the anti-periodic boundary condition, as it gains the factor −1 circulating once along the boundary of SC a (equivalently, θ → θ + 2π). The anti-periodic boundary condition originates from the Berry phase due to the momentum-spin locking of the topological insulator surface. By projecting the full Hamiltonian Eq.(S1) onto the above zero modes, the effective Hamiltonian outside and inside the junction is derived as H = H arc + H J ,
where ξ ≡ v F /∆ 0 . Γ and ψ are the Gamma function and Digamma function, respectively. The derivation is valid, when the SC phase difference across the junction spatially varies much slower than the wave functions of the Majorana fermions. The above Hamiltonian becomes identical to H(t) in the main text, when l u = l l = l and the coordinate x is extended to x ∈ [−l, W ] by merging x and X a . Considering the short junction regime L/ξ 1 and the typical case of ∆ 0 /µ 1, we find v J ∼ (∆ 0 /µ) 2 v F and m(x, t) = ∆ 0 sin(N πx/W − eV DC t/ ) as in the main text.
We discuss the case of l l = l u . For this case, the quantization condition in Eq. (2) in the main text remains as the same form but with the replacement of 2l by l l + l u , as 2l is the total length of the boundary arcs of the upper and lower SCs. This modification does not affect the zero-energy states of E = 0. Hence, the case of l l = l u has the qualitatively same results as the case of l u = l l .
Wave functions of Majorana fermions and Eq. (2)
We provide the wave functions ϕ k (x, t) of Majorana fermions at t = 0 and t = T J /2 (equivalently, at t = T J , 2T J , · · · and t = 3T J /2, 5T J /2, · · · , respectively, up to an overall-phase factor). We also derive the quantization rule in Eq. (2).
We first derive the wave function ϕ k (x) of a localized MZM γ k in the junction (e.g., those of γ 2 and γ 3 at t = 0). It is localized around x k where the sign of m(x, t) changes; x 2 = 2W/3, x 3 = W/3 at t = 0. At position x inside the junction satisfying |x − x n | < W/N , m(x, t = 0) can be written as m(x, t = 0) = (−1) k+1 ∆ 0 sin(N π(x − x k )/W ). Then the wave function is obtained as 
where λ ≡ vJW πN ∆0 is the localization length of the mode. This approximation form was obtained in Ref.
[2] in a different way. When W/N λ, the wave function in Eq. (S11) describes a MZM, since the overlap between two adjacent wave functions causes negligible energy splitting,
The above wave function is written as the form of ψ = ϕ 4 (x) + iϕ 1 (x). This provides the wave functions of Majorana modes γ 4 and γ 1 at t = 0 as ϕ 4 (x) = (1, 1) cos πx/(2l) and ϕ 1 (x) = (−1, 1) sin πx/(2l) along the arcs, respectively. At t = T J /2, the four Majorana modes γ 1,2,3,4 are MZMs. γ 1,2,3 's are localized in the junction, and their wave functions are the same as Eq. (S11) but with shifted positions of x 1,2,3 = W/6, W/2, 5W/6. γ 4 is an extended chiral MZM whose wave function is
Finally, we derive the quantization condition of an extended chiral MZM in Eq. (2). In the regime where m(x, t) varies slowly in comparison with λ, we find that the wave functions of complex fermions at x = 0, W are
iE/m(x=0
iE/m(x=W −0 + ,t) . Applying the mode matching of the wave functions, we obtain the relation of −e 2iEl/( v) r 0 (t)r W (t) = 1, which is identical to the quantization condition of Eq. (2) in the main text.
Evolution of odd-parity qubits
An odd qubit is formed by states |⇑ ≡ |0 41 1 32 0 and |⇓ ≡ |1 41 0 32 0 . It evolution is described by U o ; on the Bloch sphere, it is rotated about axisr = (− cos φ − sin θ, − sin φ − sin θ, cos θ) by angle Ω = 2 arccos − cos φ+ √ 2 in one period
Hence, the evolution of an even-parity qubit becomes identical to that of a corresponding odd-parity qubit under the dynamical-phase shifts φ ± → φ ± ± π/2.
Derivation of Josephson current
We show that the Josephson current
is the current density operator across the junction in the basis space of the chiral Majorana modes (η u , η l ), and s = −sgn[cos(N πx/W − eV DC t/ )].
The matrix element ofĴ(x) is derived as is evaluated with the Majorana qubit state |ψ(t) ,
Effects of vortices in SCs
We discuss the case that the SC regions have vortices. In this case, the boundary condition of η a=u,l at x = W changes into η a (x = W ) = (−1)
Ma η a (x = −l) due to the branch cuts emanating from vortices, where M u (M l ) is the number of vortices in the upper (lower) SC. This changes the 2nπ fractional AC Josephson effect as below.
We first consider the case that both of M u and M l are even. In this case, the 2nπ fractional AC Josephson effect shows the same behavior as the case without vortices (M u = M l = 0), since this case has the same boundary condition of η a (x); the Josephson current is nT J periodic with an arbitrary integer n ≥ 2.
When both M u and M l are odd, the boundary condition becomes η a (x = W ) = −η a (x = −l) in addition to the branch cut η a (x = −l/2 − 0 + ) = −η a (x = −l/2 + 0 + ). Then, Majorana fermions γ i=1,2,3,4 (t = 0) evolve into γ i (T J ) = γ i (0), since each of them passes the even number of branch cuts during T J . Meanwhile, the wave functions ψ a=u,l of vortices in the upper (a = u) and lower (a = l) SCs evolve, during T J , into ψ u (T J ) = −ψ u (0) and ψ l (T J ) = ψ l (0), respectively, in a gauge choice, where the relative sign factor −1 originates from the SC phase evolution by V DC . In this case, the time-evolution operator U has a different form from the case of M u = M l = 0 as 
in the basis {|011 , |101 , |000 , |110 , |010 , |100 , |001 , |111 }. Here, |n 41 n 32 n vor ≡ (f † 41 ) n41 (f † 32 ) n32 |0 41 0 32 n vor , where n vor = 0, 1 denote the even and odd fermion parities defined by the vortices in the SCs, respectively. Although the time evolution operator conserves the total fermion parity (−1) n41+n32+nvor during T J , the fermion parity of two complex fermions f 41 and f 32 , which generate the Josephson current, changes. It is because the fermion parity of the complex fermions formed by the vortices in the SCs changes during T J ; when M u and M l are odd, there always exists an odd number of the complex fermions in the SCs, one of which is formed by one vortex in the upper SC and another in the lower SC. As a result, the period of the Josephson current is an even interger n ≥ 2; an odd integer period is not allowed. This can be shown by using Eq. (S16). When M u + M l is odd and N = 3, there appears no Josephson current. It is enough to discuss the case that M u is odd and M l is even. In this case, there are effectively four Majorana fermions in one of the two configurations, (i) three localized Majorana fermions inside the junction and the other in the upper SC, and (ii) two localized Majorana fermions inside the junction, one in the upper SC, and the other extending along the SC arcs. The two configurations alternatively occur in time without any fusion between Majorana fermions. The period of the complex fermion states formed by the Majorana fermions can be nT J with an integer n ≥ 2. However, the Josephson current does not occur since there is no fusion between the Majorana fermions.
In the case of odd M u + M l , one can still see a fractional AC Josephson effect by reducing the magnetic field to have N = 2. Again, it is enough to discuss the case that M u is odd and M l is even. In this case, there are effectively four Majorana fermions in one of the two configurations, (i) two localized Majorana fermions inside the junction, one in the upper SC, and the other extending along the SC arcs, (ii) one localized Majorana fermion inside the junction, one in the upper SC, the other two (one in the leftmost of the junction and another in the rightmost) partially localized inside the junction and partially extending along the arcs. The two configurations alternatively occur in time with fusions of Majorana fermions, resulting in interchanges of fusion pairs of the Majorana fermions. The time-evolution operator has the form of 
in the basis {|00 , |11 , |01 , |10 } of the complex fermions formed by the four Majoranas fermions. The Josephson current period can be nT J with an integer n ≥ 2.
